Let be a binary self-dual code with an automorphism of order , where is an odd prime, such that is a fixed point free involution. If is extremal of length a multiple of 24, all the involutions are fixed point free, except the Golay Code and eventually putative codes of length 120. Connecting module theoretical properties of a self-dual code with coding theoretical ones of the subcode which consists of the set of fixed points of , we prove that is a projective -module if and only if a natural projection of is a self-dual code. We then discuss easy-to-handle criteria to decide if is projective or not. As an application, we consider in the last part extremal self-dual codes of length 120, proving that their automorphism group does not contain elements of order 38 and 58.
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I. INTRODUCTION
B INARY self-dual extremal codes of length a multiple of 24 are binary self-dual codes with parameters . They are interesting for various algebraic and geometric reasons; for example, they are doubly even [14] and all codewords of a fixed given nontrivial weight support a 5-design [1] . Very little is known about this family of codes: for , we have the Golay Code , and for there is the extended quadratic residue code , but no other examples are known so far.
A classical way of approaching the study of such codes is through the investigation of their automorphism group. In this paper, we focus our attention to automorphisms of order , where is an odd prime. There are elements of this type in the automorphism group of and , while it was recently proved [2] that for , no automorphisms of order occur. The problem is totally open for . It is known [5] that for , the involutions are fixed point free. So we will restrict our study to those automorphisms of order whose -power acts fixed point freely.
In the first part of this paper, we connect module theoretical properties of a self-dual code with coding theoretical ones of the subcode which consists of the fixed points of . More precisely, we prove in Theorem 1 that is a projective -module if and only if a natural projection of is a self-dual code. In the second part, i.e., Section IV, we apply these results to the case . In particular, we prove that there are no automorphisms of order and . All computations of the last part are carried out with Magma [6] .
II. PRELIMINARIES
From now on, a code always means a binary linear code and always denotes the field with two elements. Let be a code and let . We denote by the subcode of consisting of all codewords which are fixed by . It is easy to see that a codeword is fixed by if and only if for every , i.e., if and only if is constant on the orbits of .
Definition 1: For an odd prime , let denote the smallest such that . Note that is the multiplicative order of 2 in .
The next lemma is a well-known fact in modular representation theory. For those who are not familiar with representation theory, we recall here some of the notions we need. Let be a group. A projective indecomposable -module is a direct summand W of the group algebra which cannot be written as with -modules . Such a module has a unique irreducible submodule, say , called the socle of , and a unique irreducible factor module which is isomorphic to . We call , which is (up to isomorphism) uniquely determined by , the projective cover of . Projective covers for irreducible modules always exist (actually they exist for any finite-dimensional -module). For these facts and some basics in modular representation theory (and only those are needed in this paper), the reader is referred to [12, Ch. VII]. Finally, note that the action of on a module is always from the right in this paper. Remark 5: We may ask whether the converse of Corollary 2 holds true; i.e., does always implies that is odd? This is not true. For instance, there exist self-dual codes and automorphisms of order 6 (note that is even) for which is not self-dual, but is even. Corollary 3: Let and let be even. If has an odd number of cycles of order 2, then is not projective as a -module. Proof: If the number of 2-cycles of is odd, then is odd. Thus, by Corollary 2 and Theorem 1, the assertion follows.
To state further results, we need the following notation about the structure of the automorphisms.
Definition 2: We say that an automorphism of prime order of a code is of type -if it has -cycles and fixed points. Furthermore, an automorphism of order is of type if it has 2-cycles, -cycles, -cycles, and fixed points. Since , the largest possible prime which may occur as the order of an automorphism of a self-dual code of length is . If , then is odd (see Remark 1). Obviously, in this case, we cannot have an automorphism of order .
Let be an extremal self-dual code of length . According to [4, Th. 7] , an automorphism of type -with satisfies . Hence, the second largest possible prime satisfies . Corollary 4: Let be a self-dual code of length , where is an odd prime, and minimum distance is greater than 4. Suppose that involutions in are fixed point free. If is even, then does not contain an element of order .
In case is doubly even, the condition even may be replaced by the condition . Proof: Suppose that is an automorphism of order . Thus, has a cycle of length and one of length 2. As above let . By Corollary 2, we get
Since , we see that has minimum distance 1 or 2, a contradiction.
In case that is doubly even, we only have to show that does not occur (see Remark 1) . If , then
, contradicting the Theorem of Gleason (see [11, Corollary 9.2.2] ).
Corollary 5: Let be an extremal self-dual code of length . Let be an element of type -. If is even and is odd, then . Proof: By Corollary 2, has parameters . According to the Griesmer bound (see [11, Th. 2.7 .4]), we have This implies . Clearly, the estimation in Corollary 5 is very crude for large. For instance, if , the statement in Corollary 5 leads to , but computing all terms in the sum shows that .
IV. APPLICATION TO EXTREMAL SELF-DUAL CODES OF LENGTH 120
From now on, is supposed to be a self-dual code. The following (see [7] ) is the state of the art about the automorphisms of .
Automorphisms of odd prime order which may occur in are of type 29-, 23-, 19-, 7-, 5-, or 3-. Automorphisms of order 2 can only be of type 2-or 2-. Automorphisms of possible composite odd order are of type -, -, or -. Thus, we may ask about elements of order , where is an odd prime. Note that the involution has no or exactly 24 fixed points, by [5] .
Lemma 2: If the involution has no fixed points, then is of type 1) -, 2) -, 3) -, 4) or -. If has 24 fixed points, then is of type 1) -, 2) or -. Note that does not contain elements of order . Proof: The proof is straightforward by considering the cycle structures using [7] .
The above cycle structures show that only elements of order satisfy the hypothesis of Corollary 2. In this case, is even, and so we have Thus, is a code. According to Grassl's list [8] , a code has minimum distance at most 10. Therefore, we can state the following.
Proposition 4: The automorphism group of an extremal selfdual code does not contain elements of order 38. Next we consider automorphisms of order 58. By Lemma 2, we know that is of type -. Therefore, is of type 29-and is of type 2-. Thus, without loss of generality, we may assume that and If is defined by then is a self-dual code according to [10] , and clearly, the minimum distance must be greater than or equal to 4, since is doubly even. It is well known that, up to equivalence, the only code with such parameters is the extended Hamming code . According to Lemma 1, the structure of the ambient space , viewed as a module for the group , is as follows:
where . Since has dimension 4, the code has dimension at least 2. By calculations, we verify that for every , which denotes the set of all self-dual codes. Note that there are only a few computations since . Thus, and there are only two possible structures for , namely a) or b) .
Next, we look at which may be written as , where is a code. In case a), we have , a contradiction. Thus, case b) occurs. According to Theorem 1, is projective and is a selfdual code. Furthermore, has an automorphism of type 29-. Proposition 5: Every self-dual code with an automorphism of type 29-is bordered double-circulant. There are (up to equivalence) three such codes.
Proof: We can easily determine the submodule of fixed by the given automorphism and then do an exhaustive search with Magma on its complement in (following the methods described in [10] and considering the complement as a vector space over ). In fact, it turns out that is equivalent to one of the three bordered double-circulant singly even codes of length 60 classified by Harada et al. [9] .
It is computationally easy to check that there are exactly 14 conjugacy classes of elements of type 29-in for each of the three possibilities for .
Using this, we are able to do an exhaustive search for along the methods used in [2] . Without repeating all the details, we just recall the two main steps of the search. First, we determine a set, say , such that there exists a and such that and . It turns out that . In the second step, we construct all possible codes from the knowledge of its socle as in [2, Sec. VI]. By checking the minimum distance, we see that in all cases the codes are not extremal which proves the following.
Proposition 6: The automorphism group of an extremal selfdual code does not contain elements of order 58.
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